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INTRODUCTION
The purpose of this paper is to classify irreducible integrable modules
for multi-loop algebras. Let V be a vector space over the complex numbers
. Let A = t±1      t±n  be the Laurent polynomials ring in n variables.
Let VA = V ⊗A and let vm = v ⊗ tm for m = m1    mn ∈ n and
tm = tm11 tm22 · · · tmnn .
Let  be a simple ﬁnite-dimensional Lie algebra over the complex num-
bers . Then A can be given a Lie algebra structure (see (1.1)). Let
d1     dn be derivations deﬁned by diXm = miXm and let D be the
linear span of d1     dn. Then ˜A = A ⊕ is a Lie algebra which we call
a multi-loop algebra. The universal central externion of A is called a
toroidal Lie algebra and is studied in [BB, BC, E3, E4, EM]. So our multi-
loop algebras are quotients of toroidal Lie algebras by centers.
Fix a Cartan subalgebra h of . Let ψ¯ be a n-graded homomorphism of
UhA → A (see Section 1 for details). Then we can deﬁne the universal
highest weight module Mψ¯ for ˜A. Let V ψ¯ be the unique irreducible
quotient of Mψ¯. We then prove in Theorem 3.4 that any irreducible inte-
grable module for ˜A is isomorphic to V ψ¯ by making use of a result from
Chari [C].
We associate to ψ¯ a map ψ from UhA →  by evaluating at 1 and
an irreducible module V ψ π for A (derivations do not act on V ψ,
and therefore it cannot be extended to ˜A). Now consider V ψ ⊗A as a
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˜A-module by
Xmvr = πXmvm+ r
divr = rivr
for X ∈  v ∈ V ψm r ∈ n. We now observe that V ψ ⊗A is a com-
pletely reducible ˜A module (Proposition 1.8) from a result in [E3]. We
further prove in Proposition (1.9) that V ψ¯ is isomorphic to a component
of V ψ ⊗A.
Assuming V ψ is an integrable module, we prove in Proposition 3.6
that V ψ is ﬁnite-dimensional. Then in Proposition 2.1 we prove that the
ﬁnite-dimensional module is in fact a module for a semisimple Lie algebra.
We conclude (Theorem 3.7) that any irreducible integrable module for ˜A
comes in fact from a ﬁnite-dimensional module for a ﬁnite-dimensional
semisimple Lie algebra (which is a quotient of A). Such modules are easily
classiﬁed and parameterized by dominant integral weights.
SECTION 1
Let  be simple ﬁnite-dimensional Lie algebra over . Then A can be
made into a Lie algebra by deﬁning
Xm Y s = XY m+ s(1.1)
for XY ∈ m s ∈ n. Deﬁne derivations di 1 ≤ i ≤ n, by
diXm = miXm
Let D be the linear span of d1     dn. Then ˜A = A ⊕D is a Lie algebra
which we call a multi-loop algebra. Fix a Cartan subalgebra h of . Let
h˜ = h⊕D. Deﬁne null roots δi ∈ h˜
∗
such that δih = 0 and δidj = δij .
Form ∈ n let δm =
∑
miδi. For every positive root α of  letXαYα hα =
XαYα be a s2-triple so that hαXα = 2Xα and hαYα = −2Yα.
For any Lie algebra ′, let U′ be the universal enveloping algebra.
Note that AA and UA are n-graded.
Let ψ¯UhA → A be a n-graded Algebra homomorphism. Denote the
image of ψ¯ as Aψ¯. We make Aψ¯ into a h˜A-module by deﬁning
hr · tm = ψ¯hr · tm(1.2)
di · tm = mitm
for h ∈ hm r ∈ n.
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(1.3) Lemma (Lemma (1.2) of [E3]). Aψ¯ is an irreducible h˜A-module if
and only if every homogeneous element of Aψ¯ is invertible in Aψ¯.
Let  = N− ⊕ h⊕N+, where N+ is the sum of positive root spaces and
N− is the sum of negative root spaces. Let ψ¯ as above. Let N+A act trivially on
Aψ¯. Now consider the following induced ˜A-module.Mψ¯ = U˜A⊗B Aψ¯,
where B = N+A ⊕ h˜A.
(1.4) Proposition. (1) As an h˜-module, Mψ¯ is a weight module.
(2) Mψ¯ is a free N−A-module, and as a vector space
Mψ¯ ∼= UN−A ⊗ Aψ¯
(3) Mψ¯ has a unique irreducible quotient, which we call V ψ¯.
Proof. (1) and (2) are standard. For (3), note that any proper submod-
ule cannot intersect Aψ¯ (since Aψ¯ is irreducible). Now the sum of proper
submodules is again a proper submodule, as it cannot intersect Aψ¯.
(1.5) Deﬁnition. A ˜A-module V is said to be the highest weight mod-
ule if there exists a highest weight vector v such that
(1) U˜Av = V .
(2) N+Av = 0.
(3) Uh˜Av ∼= Aψ¯ as an h˜A-module for some n-graded homomor-
phism ψ¯.
Clearly any such highest weight module is a quotient of Mψ¯. We will
also remark that if ψ¯ = 0 then V ψ¯ is the trivial module.
We also need the notion of a non-graded highest weight module.
(1.6) Deﬁnition. A module W is said to be non-graded highest weight
module if there exists a weight vector v in W such that
(1) UAv = W .
(2) N+Av = 0.
(3) There exists ψ in h∗A such that hv = ψhv for all h in hA.
Let ψ belong to h∗A and let ψ be a one-dimensional vector space. Let
N+A act trivially on ψ and let hA act by ψ. Now consider the induced
module for A given by Mψ = UA ⊗B1 ψ, where B1 = N+A ⊕ hA.
By standard argument one shows that Mψ is an h weight module and has
a unique irreducible quotient, which we will denote by V ψ.
Let ψ¯UhA → Aψ¯ be a n-graded homomorphism. Consider
Ev1Aψ¯ →  given by
Ev1 · tm = 1
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Let V ψ π be the unique irreducible A module with respect to ψ.
We will now make V ψA into a ˜A module.
gm · vr = πgmvr +m(1.7)
divr = rivr
It is now easy to check that (1.7) deﬁnes a module structure for ˜A.
By using results from [E3] we will prove that V ψ¯ is isomorphic to a
component of V ψA as ˜A-modules. Let ψ¯ be as above and let ψ = ψ¯ ◦
Ev1.
(1.8) Proposition. Let Aψ¯ be an irreducible h˜A-module. Let G ⊆ n be
such that tmm ∈ G is a set of coset representatives of A/Aψ¯. Let v be a
highest weight vector of V ψ. Then
(1) V ψA = ⊕m∈GUvm as ˜A-modules, where Uvm is the sub-
module generated by vm.
(2) Each Uvm is an irreducible ˜A-module.
Proof. The proof follows from Theorem 1.8 of [E3]. There it is proved
only for special ψ¯, but the proof works for any ψ¯ such that Aψ¯ is an irre-
ducible h˜A-module.
(1.9) Proposition. Assume Aψ¯ is an irreducible h˜A-module. Then
V ψ¯ ∼= Uv0 as a ˜A-module.
Proof. Clearly Uh˜Av0 ∼= Aψ¯ ψ¯ as a h˜A-module and N+Av0 =
0. Hence Uv0 is an irreducible (graded) highest weight module with
highest weight ψ¯. Hence by Proposition 1.4, V ψ¯ ∼= Uv0.
We need the following lemma, which will be used in the next section.
(1.10) Lemma. Let ψ ψ¯ be as above. Then V ψ¯ has ﬁnite-dimensional
weight spaces as an h˜-module if and only if V ψ has ﬁnite-dimensional weight
spaces as an h-module.
Proof. Assume V ψ¯ has ﬁnite-dimensional weight spaces with respect
to h˜.
Let G˜ = m  tm ∈ Aψ¯ ⊆ n. Since Aψ¯ is an irreducible h˜A-module, by
Lemma 1.3, G˜ is a subgroup.
Case 1. G˜ has a ﬁnite index in n. Suppose V ψλ is inﬁnite-
dimensional for some λ. By the Poincare´–Birkhoff–Witt (PBW) theorem
V ψλ is spanned by vectors
Yα1m1 · · ·Yαkmkv
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(since Xαm kills v and hm acts as a scalar), where −
∑
αi + ψ0 = λ
and ψ  h = ψ0. Suppose Yα1m1 · · ·Yαkmkv are linearly independent
∗. Since G˜ is of ﬁnite index, we can assume that inﬁnitely many ∑mi’s
are in the same coset. Now choose s such that −∑mi + s ∈ G˜. Now choose
H−m+ s ∈ UH such that ∑mi = m and ψH−m+ s is nonzero and
belongs to Aψ of degree −m+ s.
Consider
Yα1m1 · · ·YαkmkH−m+ sv
∑
mi = m
which belongs to V ψ¯λ+δs , a ﬁnite-dimensional space by assumption. Thus
there exist scalars that are not all zero such that
∑
α=α1αk
m¯=m1mk
aαmYα1m1 · · ·YαkmkH−m+ sv = 0(1.11)
This clearly produces a nontrivial relation contradicting ∗.
Case 2. Index G˜ is inﬁnite in n. We can certainly assume that hn = 0,
and there exist XY root vectors such that XY  = h hX = 2X, and
hY  = −2Y .
Choose inﬁnitely many m such that they belong to distinct nontrivial
cosets. In particular, hmv = 0∗∗ for all h ∈ h.
Claim 1. Y mv is a linearly independent set in V ψ. Consider a
relation
∑
amY mv = 0
Then Xr has to kill it, which means
∑
amhm+ r = 0
Now choose r such that m1 + r = n ∈ G˜ for some m1. Then m+ r does
not belong to G˜ for all m = m1. This implies am1 = 0 by ∗∗. This proves
claim 1. It also proves that Y mv is nonzero.
Claim 2. Y mY −m + rv is a linearly independent set in V ψ¯ for
some r. Suppose a relation holds. Then there exist nonzero scalars am r
such that
∑
am rY mY −m+ rv = 0
Applying Xs to the above yields
∑
amY −m+ rhm+ s − 2
∑
amY r + s
+∑ amY mh−m+ r + s = 0
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Now choose r = 0 s = n. Then as Y nv is nonzero it follows (by **)
that
∑
am = 0. Now choose s  m1 + s ∈ G˜ for some m1 and m + s does
not belong to G˜ for all m = m1. Then by (**) we have am1 = 0, a contra-
diction.
Thus in this case V ψ¯ cannot have ﬁnite-dimensional weight spaces.
Conversely assume that V is ﬁnite-dimensional for some λ in V ψ.
Consider Vλ ⊗ A = ⊕δVλ ⊗ Aλ+δ. Clearly each Vλ ⊗ Aλ+δ is ﬁnite-
dimensional. In particular Uv0λ+δ = Uv0 ∩ Vλ ⊗ Aλ+δ is ﬁnite-
dimensional.
We also need the following:
(1.12) Lemma. Let V be an irreducible A-module with ﬁnite-dimen-
sional weight spaces with respect to h. Then there exists a co-ﬁnite ideal I
of A such that V is a module for  ⊗A/I, a ﬁnite-dimensional Lie algebra.
Proof. Let Vλ be a ﬁnite-dimensional weight space of V . Then Vλ is
invariant under hA. Since hA is abelian, in particular solvable, by Lie’s
theorem there exists a nonzero v in Vλ such that
hmv = λhmv(1.13)
Fix a root α of  and consider the root vector Xα. Let i be ﬁxed such
that 1 ≤ i ≤ n. Consider the set
Xαniv ni ∈  ⊆ Vλ+α
By assumption Vλ+α is ﬁnite-dimensional, so there exists a nonzero
polynomial Piα =
∑
j ait
j
i such that Xα ⊗ Piαv = 0 (here Xα ⊗ Piα =
∑
j ajXα ⊗ tji ). Let P denote the ideal generated by P inside of A.
Claim 1. Xα ⊗ tnPiαv = 0. Consider the calculation
0 = hαnXα ⊗ Piαv = Xα ⊗ Piαhαnv + 2Xα ⊗ tnPiα · v
= λhαnXα ⊗ Piαv + 2Xα ⊗ tnPiα · v
This proves the claim as Xα ⊗ Piαv = 0.
Claim 2. hα ⊗ Piα and Pi−αv = 0. Consider
0 = Xα ⊗ tnPiα ·X−α ⊗ Pi−αv −X−α ⊗ Pi−αXα ⊗ tnPiαv
= hα ⊗ tnPiαPi−αv
This proves Claim 2.
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Consider
∏
α Piα = Pi. Then  ⊗ Piv = 0. To see this just observe
that Piα ⊇ Pi. Now let I be the ideal generated by P1     Pn. By
the Chinese reminder theorem we see that I is co-ﬁnite in A. And the
dimension of the quotient is bounded by the products of the degree Pi.
Consider
W = v ∈ V   ⊗ PIv = 0
which is nonzero (by the above) and is a sub-module of V . Hence by irre-
ducibility W = V . Thus the module is in fact a module for  ⊗A/I.
SECTION 2
In this section we consider classiﬁcation of ﬁnite-dimensional modules for
A. We will ﬁrst construct ﬁnite-dimensional modules for A. For 1 ≤ i ≤ k
let ai = ai1     ain be an n-tuple of nonzero complex numbers m ∈
n and let ami = ai1m1 · · · ainmn be the product. Consider the Lie algebra
homomorphism ϕ: A →⊕ = k(k copies) given by φX ⊗ ta = ami X.
ϕ is not surjective if and only if ai = aj for some i = j and for all
 (see [E3]). So when ϕ is surjective, any irreducible ﬁnite-dimensional
module is an irreducible module for A. Hence ﬁnite-dimensional modules
exist. In this section we will prove that any ﬁnite-dimensional module has
to come from the construction given above.
Let V be an irreducible ﬁnite-dimensional module for A, with deﬁning
homomorphism
πA → · End V
Since V is ﬁnite-dimensional, Ker π is co-ﬁnite ideal in A. It is easy to
see that any ideal of A is of the form  ⊗ I for some ideal I of A. So we
have a map from  ⊗A/I → End V , and  ⊗A/I is a ﬁnite-dimensional
Lie algebra. We will now prove that the solvable radical of ⊗A/I is zero
on V .
(2.1) Proposition. Let V be an irreducible ﬁnite-dimensional module for
a ﬁnite-dimensional Lie algebra  ⊗ A/I. Then the solvable radical R of
 ⊗A/I is zero on V .
Proof. Since R is an ideal, it is of the form ⊗ I ′/I for some ideal I ′ of
A. Since V is ﬁnite-dimensional and R is solvable, by Lie’s theorem there
exists a nonzero vector v in V such that
g⊗Ptv = λgptv for some scalar λg Pt g ∈  Pt ∈ I ′(2.2)
Let Xα be a root vector with α a root in .
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Consider Xα ⊗ Ptmv = λXαPtmv, since V is ﬁnite-dimensional
Xα ⊗ Ptmv = 0 for large m. This implies λXαPt = 0. Hence Xα ⊗
Ptv = 0. Similarly Yα ⊗ Ptv = 0. We will now prove that
hα ⊗ Ptv = 0
From (2.2) we have hα ⊗ Ptv = λv for λ = λhα Pt.
Claim 1. hα ⊗ PtYmα v = λYmα v. We prove this by induction on m. Let
m = 1 and consider
hα ⊗ PtYαv = Yαhα ⊗ Ptv − 2Yα ⊗ Ptv = λYαv
Assume the claim is true for m and consider
hα ⊗ PtYm+1α v = Yαhα ⊗ PtYmα v − 2Yα ⊗ PtYmα v = λYm+1α v
(by induction and the fact that Yα ⊗ Ptv = 0).
Claim 2. Xα ⊗ PtYmα v = mλYm−1α v. The proof is by induction on m.
Let m = 1 and consider the calculation
Xα ⊗ PtYαv = YαXα ⊗ Ptv + hα ⊗ Ptv = λv
Now assume the claim for m and consider the calculation
Xα ⊗ PtYm+1α v = YαXα ⊗ PtYmα v + hα ⊗ PtYmα v
= mλYmα v + λYmα v = m+ 1λYmα v
The claim is proved. Since V is ﬁnite-dimensional there exists n0 > 0
such that Yn0α v = 0 and Yn0−1α v = w = 0. Consider
λYn0−1α v = hα ⊗ PtYn0−1α v by Claim 1
= Xα ⊗ Pt YαYn0−1α v
= Xα ⊗ PtYα − YαXα ⊗ PtYn0−1α v
= −λn0 − 1Yn0−1α v
(by the choice of n0 and Claim 2). This implies either n0 = 0 or λ = 0. But
by choice n0 = 0 and hence λ = 0. Thus we have proved that ⊗ Ptv = 0
for Pt ∈ I ′. That is, Rv = 0. Now consider
W = v ∈ V Rv = 0
Clearly W is a nonzero sub-module of V . But V is irreducible; thus W = V
and RV = 0. This completes the proof of the proposition.
We know that a ﬁnite-dimensional Lie algebra modulo its solvable radi-
cal is semi-simple. Thus a ﬁnite-dimensional irreducible module for A is
actually a module for a semi-simple Lie algebra.
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SECTION 3
Below we give classiﬁcation of integrable modules for ˜A with ﬁnite-
dimensional weight spaces.
(3.1) Deﬁnition. A ˜A module V is called integrable if
(1) V is a weight module with respect to h˜.
(2) For any nonzero root α, the elements Xαn act locally nilpotent;
that is for every v in V there exists N = Nα n v such that XαnNv = 0.
(3.2) Proposition. Let V be an irreducible integrable module for ˜A with
ﬁnite-dimensional weight spaces with respect to h˜. Then there exists a nonzero
weight vector such that N+Av = 0.
Proof. The proof follows from Theorem 2.4(ii) of [C], where it was
proved for n = 1, but the same proof will hold for any n. Just note that
λ δ = 0 for any weight λ of V .
Let V be an irreducible integrable A-module. Consider A = N−A ⊕
hA ⊕ N+A . Then by the PBW theorem it will follow that for any highest
weight vector v in VUN−AUhAv = V . Let W = UhAv. Then W is
an h˜A-module. Since V is irreducible one can see that W is an irreducible
h˜A-module. Just observe that for any nonzero vector UhAv is again a
highest weight vector.
Let I = X ∈ UhA  X · v = 0. Then clearly UhA/I ∼= W as an
h˜A-module. Since I is an ideal, and UhA is commutative, we conclude
that W is a n-graded commutative simple algebra
(3.3) Lemma. Any graded simple commutative and associative algebra B
is isomorphic to a subalgebra Aψ¯ of A for some ψ¯ (as deﬁned in Section 1).
Furthermore, every nonzero homogeneous element in Aψ¯ is invertible in Aψ¯.
Proof. Let X be a nonzero homogeneous element of B. Then XB is a
n-graded ideal of B. Hence XB = B, so that X is invertible. Now con-
sider B0 as the zero component of B. Then any nonzero element b ∈ B0 is
invertible. Hence B0 is a ﬁeld. Furthermore, the dimension of each nonzero
graded space is one as X deﬁnes an isomorphism between graded spaces.
This proves the lemma. Thus W ∼= Aψ¯ ψ¯ as a h˜A-module. We have the
following
(3.4) Theorem. Any integrable irreducible module for ˜A with ﬁnite-
dimensional weight spaces is isomorphic to V ψ¯, where ψ¯ is a n-graded
homomorphism UhA → Aψ¯ and Aψ¯ is an irreducible h˜A-module.
Remark. For n = 1, this theorem is due to [C] and [CP]. See also [E1].
Recall Ev1V ψ ⊗A→ V ψ from Section 1.
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(3.5) Lemma. Let W be a nonzero ˜A-module of V ψA. Then
Ev1W = V ψ.
Proof. Since V ψ is an irreducible A-module, it is sufﬁcient to prove
that Ev1W = 0. But this is clear, as W contains a weight vector of the
form wn and Ev1 ·wn = w.
One can deﬁne integrable modules for A. It is easy to see that if W is
an integrable module for ˜A then Ev1W is an integrable module for A
(this is because Ev1 is a A-module map).
(3.6) Proposition. Suppose V ψ¯ is an irreducible integrable module of
˜A with ﬁnite-dimensional weight spaces. Then V ψ is ﬁnite-dimensional.
Proof. We have already noted that V ψ is integrable and irreducible
for A. By Lemma 1.10, V ψ has ﬁnite-dimensional weight spaces. Now
by Lemma 1.12 there exists a co-ﬁnite ideal I of A such that V ψ is a
module for  ⊗A/I. By the PBW theorem we have UN− ⊗A/IUh⊗
A/IUN+ ⊗A/Iv = V ψ, where v is a highest weight vector of V ψ.
Since v is a highest weight vector, V ψ = UN− ⊗A/Iv. But each vec-
tor of N− ⊗A/I acts locally nilpotently and hence V ψ has to be ﬁnite-
dimensional.
Remark. For n = 1 this proposition is due to [E1].
Thus we have proved the following:
(3.7) Theorem. Let V be an irreducible integrable module for ˜A
with ﬁnite-dimensional weight spaces with respect to h˜. Then there exists
ψ¯: UhA → Aan- graded homomorphism such that V ∼= V ψ¯ as a
˜A- module. Furthermore, V ψ is ﬁnite-dimensional. In fact V ψ is an
irreducible module for some ﬁnite-dimensional semisimple quotient of A.
Proof. The proof follows from Theorem 3.4, Proposition 3.6, and
Proposition 2.1.
Note added in proof: In [E5] we have extended these results for toroidal Lie algebras,
that is, for the universal central extension of A. Furthermore, we have proved that the ﬁnite-
dimensional semisimple Lie algebra that appears in Theorem 3.7 is exactly the one deﬁned by
ϕ in the ﬁrst part of Section 2.
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